Abstract. In this paper, continuous piecewise quadratic finite element wavelets are constructed on general polygons in R 2 . The wavelets are stable in H s for |s| < 3 2 and have two vanishing moments. Each wavelet is a linear combination of 11 or 13 nodal basis functions. Numerically computed condition numbers for s ∈ {−1, 0, 1} are provided for the unit square.
Introduction
It is well-known that, properly scaled, an infinite countable collection of wavelets can generate Riesz bases for a scale of Sobolev spaces. Such wavelets can be applied for the numerical solution of PDEs and singular integral equations. For suitable wavelets, the (infinite) stiffness matrix of such an operator equation is boundedly invertible, so that the residual of an approximation is equivalent to its error, meaning that this residual can be used as an a posteriori error estimator for driving an adaptive algorithm. Using that wavelets have vanishing moments, even for singular integral equations the matrix is close to being sparse, and therefore its application can be efficiently approximated. Furthermore, in any case for elliptic equations, any principal submatrix is uniformly well-conditioned allowing for an efficient iterative solution of the arising Galerkin systems.
As with most wavelet applications, it is important that the wavelets have local supports. Other than with classical wavelet applications, as data compression and signal analysis, for solving operator equations the corresponding dual wavelets do not enter the computations, and their support sizes are irrelevant. This induces a lot of freedom in the construction of suitable wavelet bases. For more information on the application of wavelets for the (adaptive) solution of operator equations, we refer to [Dah97, Ste09, Urb09] and the references cited there.
Traditionally, wavelets are constructed on the line or on the interval [0, 1]. Then the application of a tensor product construction yields wavelets on R n or [0, 1] n . For equipping more general domains in R n , or their boundaries, with wavelet bases domain decomposition techniques have been developed (e.g. [CTU99, DS99a, DS99b] ).
Another approach to treat non-product domains is to construct wavelets in finite element spaces w.r.t. a nested sequence of meshes. This approach, to which also this paper is devoted, inherits the full flexibility from the finite element method concerning the shape of the domain.
To realize the Riesz basis property, one can rely on the theory of biorthogonal space decompositions ( [Dah96] ). It starts with two multiresolution analyses (V j ) j≥0 , (Ṽ j ) j≥0 on the given domain that both satisfy Jackson and Bernstein estimates, and for which V j andṼ j are relatively close in the sense that they satisfy inf-sup conditions, uniformly in j. Then for each j, one constructs the wavelets on 'level' j as a basis for the biorthogonal complement V j ∩Ṽ
The union over j of such wavelets form, properly scaled, a Riesz basis for the Sobolev space with smoothness index s for s in an interval (s min , s max ) 0 determined by the aforementioned Jackson and Bernstein estimates. With finite element wavelets, both multiresolution analyses are sequences of finite element spaces w.r.t. a common sequence of meshes. Linear finite elements of this type, withṼ j = V j , were constructed in [KO95, Ste98a, FQ00, HM00], and higher order ones, also with V j = V j , can be found in [DS99c, NS09] . With the exception of [Ste98a] , the constructions in these references were restricted to two space dimensions.
An alternative possibility is to relax 'true' biorthogonality w.r.t. L 2 to an approximate biorthogonality, for instance biorthogonality w.r.t. to a level-dependent, approximate L 2 -scalar product. Usually the resulting wavelet bases have smaller supports than those than span truly L 2 -biorthogonal complements, but on the other hand typically their s min is larger and sometimes positive. Linear finite element wavelets of this type were can be found in [VW96, Ste98b, LO96] , and quadratics ones in [Liu06] .
In [RS17] , we applied an adaptive wavelet method for solving time-dependent parabolic PDEs in a simultaneous space-time variational formulation. One of the arising spaces that had to be equipped with a wavelet Riesz basis is the intersection of the Bochner spaces L 2 ((0, T );
denotes the spatial domain. We equipped this space with a basis of tensor products of temporal wavelets and spatial wavelets. In order to obtain a Riesz basis for the aforementioned intersection space, the collection of temporal wavelets has to be, properly scaled, a Riesz basis for L 2 (0, T ) and for H 1 (0, T ), which wavelets are amply available, whereas the collection Ψ of spatial wavelets has to be, properly scaled, a Riesz basis for H 1 0 (Ω) and for its dual H −1 (Ω). Moreover, in order to obtain a sufficient near-sparsity of the resulting stiffness matrix, we need these wavelets from Ψ to have 2 vanishing moments, or more precisely, cancellation properties of order 2. Finally, since we wrote the PDE as a first order system least squares system, and a suitable wavelet basis for the flux variable is at least of order 2, we need the wavelets from Ψ to be of order 3, i.e. piecewise quadratics.
Piecewise quadratics wavelets in finite element spaces were constructed in [DS99c, Liu06, NS09] . Those in [Liu06] have small supports, but are not stable in H s for s ≤ 0 and do not have vanishing moments. The quadratic wavelets in the other two references satisfy our needs, and have even 3 vanishing moments (Ṽ j = V j ). Unfortunately the condition numbers of those from [DS99c] turned out to be very large. For that reason, in [NS09] we applied the available freedom in the general construction from [DS99c] to arrive at wavelets that are much better conditioned. The price to be paid was an increased support size. The continuous piecewise quadratic finite element wavelets from [NS09] are linear combinations of 87 nodal basis functions. In the current work, we changeṼ j into the space of continuous piecewise linears w.r.t. a dyadically refined mesh, and use the available freedom to construct piecewise quadratics wavelets that satisfy all our needs, have condition numbers similar to those from [NS09] , and are given as linear combinations of 11 or 13 nodal basis functions. This paper is organized as follows: In Sect. 2 we review the general theory on biorthogonal space decompositions, and in Sect. 3 we apply the general principles of the element-by-element construction of finite element wavelets to construct continuous piecewise quadratic wavelets in two space dimensions, with small supports and 2 vanishing moments. We provide numerically computed condition numbers in H 1 , L 2 and H −1 -norms.
We will use the following notations. By C D we will mean that C can be bounded by a multiple of D, independently of parameters which C and D may depend on. Obviously, C D is defined as D C, and C D as C D and C D.
For normed linear spaces A and B, for convenience in this paper always over R, L(A , B) will denote the space of bounded linear mappings A → B endowed with the operator norm · L(A ,B) .
For a countable set ∨, the norm and scalar product on 2 (∨) will be denoted as · and , , respectively. For real square matrices A and B of the same size, we write A ≥ B when for all real vectors x, Ax, x ≥ Bx, x .
A countable collection of functions Σ will be formally viewed as a column vector. Then for a sequence of scalars c = (c σ ) σ∈Σ , we set c Σ := σ∈Σ c σ σ. For countable collections of functions Σ and Φ in a Hilbert space H , we define the (formal) matrix
We use the symbol N 0 to denote {0, 1, · · · }.
Theory on biorthogonal wavelet bases
Let V ,Ṽ , H be separable Hilbert spaces with V ,Ṽ → H with dense embedding. Identifying H with its dual, we obtain the Gelfand triples V → H → V andṼ → H →Ṽ with dense embeddings. For s ∈ [−1, 1], we set the interpolation spaces
. The following theorem is a special case of an even more general result proven in [Dah96] .
Theorem 2.1 (Biorthogonal space decompositions, [DS99c] ). Consider two multiresolution analyses
and that, for some ρ,ρ > 1,
Then, with Q −1 := 0, for every s ∈ (−1, 1) it holds that
Remark 2.2 (e.g. [Ste03] ). Existence of the biorthogonal projector Q j as in (2.1) is equivalent to
Other equivalent conditions are that for any Riesz basis Φ j for V j there exists a (unique) H -dual Riesz basisΦ j forṼ j , and that there exist some Riesz bases Φ j andΦ j for V j andṼ j , respectively, such that Φ j ,Φ j H is bounded invertible. In the latter case, one verifies that
In particular, with κ s denoting the quotient of the supremum and infimum over
Recalling that ran(Q 0 − Q −1 ) = V 0 , the remaining challenge is the construction of Ψ j for j ≥ 1, i.e. Ψ j+1 for j ≥ 0:
Remark 2.5 (dual wavelets). With ( ) * denoting the adjoint w.r.t. , H , under the conditions of Thm 2.1 equivalently it holds that for every s ∈ (−1, 1),
so that forΨ j being any uniform Riesz basis for ran(Q *
j is a Riesz basis forṼ s .
One verifies that the pair (ran(Q
1. Consequently, as stated in Remark 2.2, given a Riesz basis Ψ j for ran(Q j − Q j−1 ), there exists a unique dual or biorthogonal Riesz basisΨ j for ran(Q * j − Q * j−1 ), i.e. with Ψ j ,Ψ j H = Id. From
Consequently, when the Ψ j are uniform Riesz bases for ran(Q j −Q j−1 ), then their duals are uniform Riesz bases for ran(Q * j − Q * j−1 ), and for s ∈ (−1, 1),
, and the analogous result with interchanged roles of (Ψ, D) and (Ψ, D −1 ), one infers that
Remark 2.6 (dual wavelets cont'd). An explicit expression forΨ j can be obtained in the following special case: For j ≥ 0, let Φ j andΦ j be H -biorthogonal Riesz bases for V j andṼ j , respectively. Let
, Ψ j+1 H , and analogous relations at the dual side, as well asM j = M − j . Now let Ψ j be constructed as in Prop. 2.4 for the case that Θ j = Φ j and thusV j = V j . Then (2.5) reads as M j,1 = (Id − M j,0M j,0 )R j,1 , where R j,1 = Φ j+1 , Ξ j+1 H . We conclude that
meaning that dual wavelets become explicitly available in terms ofΦ j+1 when additionally Ξ j+1 is chosen such that the basis transformation [M j,0 R j,1 ] −1 from Φ j+1 to the two-level basis Φ j ∪ Ξ j+1 is explicitly available.
Classical 'stationary' wavelet constructions on the line provide explicitly given (primal and) dual wavelets. Explicit knowledge of dual wavelets is crucial for applications as data compression and data analysis. For applications as preconditioning and the (adaptive) solving of operator equations, however, dual wavelets do not enter the computation, and wavelet constructions on general, non-rectangular domains usually do not provide them (an exception is [Ste03] ). AllowingV j = V j , thus giving up explicit knowledge of dual wavelets, gives an enormous additional freedom in the construction of Ψ j+1 in Prop. 2.4, which we will also exploit in the current work.
3. Construction of quadratic Lagrange finite element wavelets 3.1. Multi-resolution analyses. Given a conforming triangulation T 0 of a polygon Ω ⊂ R 2 , let (T j ) j≥0 be the sequence of triangulations where T j+1 is created from T j by subdividing each triangle T ∈ T j into four sub-triangles by connecting the midpoints of the edges of T (red-refinement).
For Γ ⊂ ∂Ω being a union of closed edges of triangles T ∈ T 0 , we define V j (Ṽ j ) as the space of continuous piecewise quadratics (linears) w.r.t. T j (T j+1 ) that vanish at Γ. We let N (T j ) denote the set of vertices that are not on Γ of T ∈ T j .
We take H := L 2 (Ω), and for some t ∈ [1,
. With these definitions, the Jackson and Bernstein estimates (2.2)-(2.3) are satisfied with ρ = 2 t . After having equipped V j andṼ j with uniform Riesz bases, later in Sect. 3.3, with the aid of Remark 2.2 we will verify also the remaining condition (2.1) of Theorem 2.1. For |s| ≤ 2, we define
Thanks to the reiteration theorem we have that V From the approximation properties of (V j ) j , we infer that for j ≥ 0, ψ j+1,x ∈ Ψ j+1 , p ∈ [1, ∞] and
, that is, the wavelets will have cancellation properties of order 2. In particular, away from the Dirichlet boundary Γ, they have 2 vanishing moments.
3.2.
Local-to-global basis construction. Following [DS99c, NS09] , in this subsection it will be shown how to reduce the construction of the various collections of functions on Ω, that are needed for the construction of the biorthogonal wavelet basis corresponding to the primal and dual multi-resolution analyses (V j ) j and (Ṽ j ) j , to the construction of corresponding collections of 'local' functions on the reference triangle
For 1 ≤ i ≤ 3, let T i = {λ ∈ T : λ i ≤ 1 2 }, and let T 4 = T \ ∪ 3 i=1 T i (red-refinement). For any closed triangle T , let λ T (x) ∈ T denote the barycentric coordinates of x ∈ T with respect to the set of vertices of T ordered in some way.
We consider finite collections of functions Σ = {σ λ : λ ∈ I Σ } on T that satisfy (V) σ λ vanishes on any edge or vertex that does not include λ, (S) π(I Σ ) = I Σ and σ λ = σ π(λ) • π for any permutation π : R 3 → R 3 , (I) Σ is an independent collection of continuous functions.
Such collections of local functions can be used to assemble collections of global functions in a way known from finite element methods: For j ≥ 0 and with (3.1)
we define the collection Σ j = {σ j,x : x ∈ I Σj } of functions on Ω by
with scaling factor µ(x; τ j ) := {T ∈τj : T x} vol(T ) − 1 2 . Note that the assumptions (V), (S) and (I) show that Σ j are independent collections of well-defined, continuous functions on Ω.
Lemma 3.1. Let Σ andΣ be two collections of 'local' functions on T both satisfying (V), (S) and (I). Let Σ j andΣ j denote the corresponding collections of 'global' functions on Ω. Then:
.
Proof. We note that forc j ∈ 2 (IΣ j ), c j ∈ 2 (I Σj ), it holds that
and similarly T ∈Tj c T 2 = c j 2 .
These relations show (ii) and (i), for the latter using that for A = A > 0,
Ax,x x 2 . Denoting the value of the supremum at the right hand side of (iii) as Q, we have
which completes the proof.
3.3. Verification of the uniform inf-sup conditions for (V j ,Ṽ j ) j≥0 . As a first application of the local-to-global basis construction discussed in the previous subsection, we will verify the existence of the uniform bounded biorthogonal projectors from (2.1). Setting I 0 := N 3 0 ∩ T , and for i ≥ 1,
, we let N := {n λ : λ ∈ I 0 ∪ I 1 } andÑ := {ñ λ : λ ∈ I 0 ∪ I 1 } denote the standard nodal bases of P 2 (T ) and C(T ) ∩ 4 i=1 P 1 (T i ), respectively. The with N andÑ corresponding 'global' collections N j andÑ j , defined by (3.1)-(3.2), span the spaces V j andṼ j , respectively. The index sets of these collections satisfy I Nj = IÑ j = N (T j+1 ). Lemma 3.1(i) shows that N j andÑ j are uniform L 2 (Ω)-Riesz bases for their spans. With I 0 ∪ I 1 (and I 2 ) numbered as indicated in Figure 1 , a direct computation shows that 2 14 14  70  30  30  14  2 14  30  70  30  14 14  2  30  30 70
and thus, by Lemma 3.1(ii), N j ,Ñ j L2(Ω) ≥ λId. It is easily verified that λ > 0, which shows that
Now Remark 2.2 shows that the inf-sup condition (2.4), and thus equivalently (2.1), are indeed satisfied.
3.4. Local collections Θ, Ξ, andΦ underlying the construction of Ψ j+1 . In order to construct Ψ j+1 for j ≥ 0 by means of equation (2.5), we need to specify the collections Θ j , Ξ j+1 andΦ j of functions on Ω. We will construct them from collections Θ = {θ λ :
respectively, of functions on T that satisfy (V), (S), and (I), and for which Θ ∪ Σ andΦ are bases for
, respectively, and Θ,Φ L2(T ) = vol(T )Id. Then by an application of Lemma 3.1, we know that, as required, Θ j ∪ Σ j+1 andΦ j are uniform Riesz bases for V j+1 andṼ j , respectively, and Θ j ,Φ j L2(Ω) = Id. The index sets of these collections satisfy
We will specify Θ ∪ Σ andΦ in terms of the usual nodal bases N f andÑ for
, respectively. For completeness, with N f we mean the collection of functions in C(T ) ∩ 4 i=1 P 2 (T i ) that have value 1 in one of the points of I 0 ∪ I 1 ∪ I 2 and vanish at the others. Aiming at wavelets that have relatively small supports, we exploit the available freedom in the construction to obtain θ λ and ξ λ with small supports and a matrix Ξ,Φ L2(T ) that is sparsely populated.
We defineΦ as indicated in Figure 2 , and Θ as indicated in Figure 3 . Both these collections satisfy (V), (S), and (I), andΦ is a basis for C(T ) ∩ 3.5. Definition of the Ψ j . We take Ψ 0 = N 0 , being a Riesz basis for V 0 . In the previous subsection, from corresponding local collections we have constructed uniform Riesz bases Θ j ∪ Σ j+1 andΦ j for V j+1 andṼ j , respectively, such that Θ j ,Φ j L2(Ω) = Id. For j ≥ 0, the collection of wavelets Ψ j+1 is now given by the explicit formula Ψ j+1 = Ξ j+1 − Ξ j+1 ,Φ j L2(Ω) Θ j . These wavelets will depend on the topology of T 0 via the the local-to-global basis construction (3.1)-(3.2) that we applied for the definition of Θ j , Σ j+1 , andΦ j , as well via the inner product Ξ j+1 ,Φ j L2(Ω) .
Despite of these dependencies on T 0 , as well as that on Γ, we can distinguish between two types of wavelets: A wavelet ψ j+1,x of the first type stems from ξ λ of type ξ ( Figure 4) , so that x ∈ N (T j+2 ) \ N (T j+1 ) is on an edge of a T ∈ T j . It equals ξ j+1,x minus a multiple of one (or, near the Dirichlet boundary, possibly zero) θ j,y with y ∈ N (T j ) (left picture in Figure 2) . A wavelet ψ j+1,x of the second type stems from ξ λ of type ξ (
is interior to a T ∈ T j . It equals ξ j+1,x minus a multiple of two (or, near the Dirichlet boundary, possibly one or zero) θ j,y 's, where one y ∈ N (T j ) and the other is in N (T j+1 ) \ N (T j ) (right picture in Figure 2 ). The supports of both types of wavelets (away from the Dirichlet boundary) are illustrated in Figure 5 . Figure 5 . Wavelets ψ j+1,x for x ∈ N (T j+2 ) \ N (T j+1 ) on an edge of a T ∈ T j (left) or interior to a T ∈ T j (right). Indicated are x (•), the support of ξ j+1,x (vertical shading), and that of the θ j,y 's (horizontal shading). The support of the wavelet is the union of these supports. The wavelets are linear combinations of 11 (left) or 13 (right) quadratic nodal basis functions (i.e. functions from N j+1 ) (the numbers 11 and 13 apply when the valence of each interior vertex in T j is 6). , and with the wavelets normalized in the corresponding norm. That is, we have computed the condition numbers of the (normalized) mass and stiffness matrices. The results are given in Tables 1 and 2. Remark 3.2. The principles behind the finite element wavelet construction applied in this work were introduced in [Ste98a, DS99c] . The realizations of finite element ((0,1) 2 ) 1 4.8 7.3 8.3 8.9 9.2 9.7 9.8 9.9 Table 2 . H wavelets for given primal and dual orders from [DS99c] were revisited in [NS09] in order to obtain smaller condition numbers. The two-dimensional piecewise quadratic wavelets from [NS09] have 3 vanishing moments (sinceṼ j = V j ). Their L 2 -and H 1 0 -condition numbers on the square on level J = 6 were 12 and 60, respectively, for the H 1 0 -case somewhat improving upon the condition numbers from Table 2 . On the other hand, for a regular mesh where all vertices have valence 6, each quadratic wavelet away from the boundary in [NS09] is a linear combination of not less than 87 nodal basis functions, which high number was the motivation for the current work.
Two-dimensional quadratic finite element wavelets where each wavelet is a linear combination of only 4 or 6 nodal basis functions were introduced in [Liu06] . These wavelets are based on a splitting of V j+1 into V j and an orthogonal complement w.r.t. a 'discrete' level-dependent scalar product on V j+1 . It was shown that the wavelets generate a Riesz basis for H s for s ∈ (0.3974, 3 2 ). These wavelets, however, have no vanishing moment, and, consequently, they cannot be expected to generate a Riesz basis for H s for s ≤ 0.
Finally, since for our application in solving parabolic PDEs it is needed that the wavelets form a Riesz basis in H Table 3 . Since, as explained in Remark 2.6, these computations involve the applications of inverses of mass matrices and that of two-level transforms at the primal side, which inverses in our case are densely populated, we computed these condition numbers only up to level 6.
